If (S, L)
is not in a particular subset E of S then (S, H) is again in S; this theorem, with a complete description of the pairs in E, is proved in [SV] and in
[Se1] (see also [Io2] us to determine all the pairs (S, L) from which a pair (S, H) E ImRA comes via adjunction process. We are indebted to the referee for his useful observations. §0. Notation and preliminaries 0.1. We consider in this paper projective surfaces S, which means that S is a smooth, irreducible, projective scheme of dimension 2, defined over the field of complex numbers. We will use the standard symbols in algebraic geometry. In particular, if D is a divisor on a surface S we let: A polarized surface (S, L) is called a scroll (respectively a conic bundle) if S is a ruled surface and O(L)f=OP1 (1) for a general fibre f (respectively if O(L)f=OP1(2)). 0.3. Given a surface S we denote by B(S, p1, ..., pn) the surface obtained by blowing up the points pi on S. Let rr: B(S, p1, ..., pn)S be the blowing-up. Let REMARK 0.4.1. We have two obvious necessary condition for (S, H) to be in ImRA. The first one is that i) L=H-KS is ample. The second one is that, since the reduction is a birational map, ii) there exists a pair (S, L) E s such that g (L) =g (L) and S is birational to S. Note that i) implies hi(H)=0, for i=1, 2.
In the above hypothesis we will shorten our notation letting x=x(OS), pg=pg(S), q=q(S), g=g(L), d=L2,... and using the 'for the corresponding numerical invariants related to the line bundle H(g(H) =g', H2=d',...). 0.4.2. We recall the following relations between the characters of L and of H, which can be proved by using the adjunction formula, the Riemann-Roch theorem and the Kodaira vanishing theorem:
0.5. We will frequently use the following well known theorem.
CASTELNUOVO'S LEMMA. (see [G-H] In particular this shows that the quadric surface of P3 and the rational cubic scroll of P4 are in ImRA.
When q=1 and 2 we restrict ourselves to the case of scrolls. It is easy to prove the following.
[u+bf]) be a scroll over a smooth curve of genus q=1 or 2. H is very ample and (S, H) is in ImA unless in the following cases q=1 e>0 and b=3+e, ..., 3+(2e-1), q=2 e_??_0 and b=5+e, ..., 5+(2e+1), e=-1 and b=4, e=-2 and b=3, 4.
Moreover, except possibly for the last two cases, i.e. e=-2 and b=3, 4, these pairs are not even in ImRA.
PROOF. The first part follows immediately by applying corollaries 1.3.3 and 1.4.2 of [Bi] Recalling that KS= [-3[+ei] it is easy to verify that (S, H) E ImA for any very ample line bundle H. In particular by taking H=-KS we see that (S, H), the cubic surface of P3 is in ImRA.
As a corollary of the above discussion we easily get the following. 1.5. We now consider the pairs (S, H) E S such that h0(H)=5. If (S, H) E ImRA, by 0.4.1, i) we can suppose H=KS+L with L ample. As a first thing note that, using the equality 0.4.2, ii), we get 5=h0(H)=pg+g-q=x-1+g, therefore
(1.5.1) x+g=6.
Suppose x<0; then S is a ruled surface with q_??_2. In this case x=1-q and then (1.5.1) gives g=q+5.
Let C E |L| be a general element. Note that, since H is very ample, (S, L) can be neither a scroll nor a conic bundle; hence the ruling projection of S gives a morphism of degree r_??_3 from C to the base curve of S, which has genus q and then, from the Riemann-Hurwitz formula we get 2g-2=r(2q-2)+b, with b_??_0, which, combined with g=q+5, gives r_??_(q + 4)/(q-1 1, ii) ). So looking at the classification of non ruled surfaces of small sectional genus (see [Li] ) we have the quartic K3 surface of P3 for g=3, and the K3 surface given by the complete intersection of type (2, 3) of P4 for g=4 (and x=2). Of course in these cases (S, H)=(S, L) E ImA C ImRA.
Consider now the surfaces with g=5. From (1.5.1) we have x=1. S cannot have Kodaira dimension _??_0 (see [Li] ). So S is rational and then, using the clas sification again [Li] , we see that (S, L) (respectively (S, L)) is one of the following pairs (see 0. For all surfaces listed above we have in fact h0(KS+L)=5. Note that (S, H) is the Bordiga sextic surface in the first case, the Castelnuovo quintic surface (a conic bundle), in the second one, the Del Pezzo surface, complete intersection of two quadrics in the third case and the cubic scroll in the fourth case. Recalling the classification of surfaces of small degree, they are: all surfaces of degree _??_6 in P4, except the quintic and the sextic surfaces in P3, plus the abelian and the hyperelliptic surfaces of degree 10. §2. Surfaces with numerically effective anticanonical bundle
The aim of this section is to prove the following theorem and some of its corollaries (for a study of the surfaces with nef anticanonical bundle see for instance [Sa] ). THEOREM 2.1. Let S be a surface for which -KS is nef. Then for every very ample line bundle H on S (or just ample and spanned with H2_??_10), we have that H-KS is very ample, i.e. (S, H) E ImA.
PROOF. By the Nakai criterion the line bundle Lm:=H-mKS is ample
for all m_??_0. Our theorem is equivalent to the fact that L=L1 is very ample: to prove it we apply Reider's theorem to the line bundle L2 (see [Re] In both cases g(E)=0 and this combined with the adjunction formula and the selfintersection imposed to E gives a contradiction.
To conclude the proof we consider now the cases H2_??_5 or KSN0 and H2_??_9. Now assume that C' is a fixed component of S. Then, due to the irreducibility of C' and the effectiveness of -KF2 -C', we have C'=ao+bf , where either (a, b)=(1, 0), (0, 1) or (1, b), with 2_??_b_??_4 [Ha, p. 380 4) the pairs in corollary 2.6. 5) S is a minimal surface with k(S)=0. 6) S is a geometrically ruled surface over a curve of genus 1, with e=-1 and H [2~+f] or N [3u] . 7) 8) The following pairs are possibly in ImRA or in ImA:
PROOF. First observe that 1) follows from the remark 2.2; 2) follows from proposition 1.7; 3) comes from the classification of surfaces of sectional genus _??_2 combined with examples b1.2 and 1.3 and corollary 2.5; 4) and 5) follow from corollaries 2.6 and 2.3.
We can therefore assume from now on the following: n_??_5, d'_??_6, g'_??_3, and even g'_??_ 4 if q=0 and finally that S is not a minimal surface with k(S)=0.
3.1.1. Assume that (S, H) E ImRA: then, by 0.4.1, i), L=H-KS is ample. Let now C E |H| be a smooth element, then, since h1 (H) , ii) g'=4 and (n, q)=(5,0), or iii) g'=3 and (n, q)=(5,1).
In case i) equality holds in the Castelnuovo bound; so S is a Castelnuovo sur face in the sense of Harris [Ha] ; in particular pg(S)=1, contradicting the ruledness of S.
In case iii), looking at the classification of surfaces ( [Li] ), we see that S is a geometrically ruled surface over a curve of genus 1 with e=-1 and H=20+f; it is easy to check in this case, e. g. using [Re, theorem 1] that L=H-KS is very ample. This gives one of the two surfaces in 6).
Finally, in case ii), we use, now very strongly, the classification results in [Li] . More precisely we use first the table at p. 161 and we find that S=B10 (P2), (case 1 at page 161). Note that (S, H) E S provided the points blown-up are in general position and (S, H) is the adjoint pair to the pair in case 7 of the table in [Li] . This gives the fi rst pair listed in 7).
Using then the In the second case (S, H) E S provided the 10 points are in general position. In this case H-KS-tp=L-tp=rr*[5u+5f]-10p2-tp turns out to be as in case 14, with t=t0=0 or 1, in table at p. 169. This gives the first case in 8). Finally let d'=9. Then in view of the Castelnuovo bound and the equalities in 0. 4. 2 only the following cases can occur: (g', q, n, g)=(5, 0, 5, 6), (4, 1, 5, 7), (4, 0, 6, 7), (3, 2, 5, 8), (3, 1, 6.8) . By using as above the classification in [Li] we can see that the two last cases do not actually occur, while the second one gives rise to the remaining pair in 6). Moreover the first and the third give the pairs (S, H) listed in the following table. The values of t given in the last column are the number of possible blown-ups of points in S to obtain a pair (S, L) such that (S, H)=RA(S, L), or (S, L) the reduction of (S, L). The line bundles L are surely very ample for those values of t not in a paren thesis, which gives the last three pairs in 7), while for the others this is not known . In particular we notice that in the second and fourth cases the very ampleness of L is not known for all the allowable values of t. They give rise to the last two cases in 8). This concludes the proof. REMARK 3.2. For the geometrically ruled surfaces S over a curve of genus 2 with e=-2 and for HN{o'+3f] (the doubtful case in 3) of the theorem 3.1) we know that L=H-KS is not very ample, but we do not know whether (S, L) can be the reduction of a pair in S. It would be interesting to answer this question in connection with the problem quoted in 0.4.
